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ORTHOGONAL GRAPHS MODULO POWER OF 2
SONGPON SRIWONGSA
Abstract. In this work, we define an orthogonal graph on the set of equivalence classes of
(2ν + δ)−tuples over Z2n where n and ν are positive integers and δ = 0, 1 or 2. We classify
our graph if it is strongly regular or quasi-strongly regular and compute all parameters
precisely. We show that our graph is arc transitive. The automorphisms group is given
and the chromatic number of the graph except when δ = 0 and ν is odd is determined.
Moreover, we work on subconstituents of this orthogonal graph.
1. Introduction
Graphs defined from the geometry of classical groups over finite fields have been widely
studied. The collinearity graphs of finite classical polar spaces and their complements are
well known strongly regular graphs [1, 9]. For more details about strongly regular graphs,
the reader is referred to [2]. Orthogonal graphs over finite fields of odd characteristic using
the geometry of orthogonal group and automorphisms of the graphs were studied in [3, 14].
Then, in [6,7], subconstituents of these orthogonal graphs were analyzed. Li et al. [13] stud-
ied the orthogonal graphs over Galois rings of odd characteristic using matrix theory over
finite Galois rings. Recently, Meemark and Sriwongsa extended this work to the orthogonal
graphs finite commutative rings of odd characteristic [18]. The analogous series of symplec-
tic graphs and their subconstituents were presented in [4, 5, 10–12, 14–17, 19]. Motived by
these references, in this paper, we consider the analogous problems of the orthogonal graphs
modulo power of 2 which is a generalization of the orthogonal graph over a finite field Z2 [20].
The paper is organized as follows. We define and study orthogonal graphs modulo power
of 2 in Section 2. This includes the computation on number of vertices , degree, com-
mon neighbors and chromatic numbers. We also analyze arc transitivity and automorphism
groups of the graphs. In Section 3, subconstituents of the orthogonal graphs modulo power
of 2 are studied. We use similar technique as in Section 2 to determine all parameters of
these subconstituents.
2. Orthogonal graphs modulo 2n
Let n be a positive integer. For ν ≥ 1 and δ = 0, 1 or 2, let V 2ν+δ denote the set of
(2ν + δ)- tuples ~a = (a1, a2, . . . , a2ν+δ) of elements in Z2n such that ai is invertible modulo
2n for some i ∈ {1, 2, . . . , 2ν + δ}. Define an equivalence relation ∼ on V 2ν+δ by
(a1, a2, . . . , a2ν+δ) ∼ (b1, b2, . . . , b2ν+δ)⇔ (a1, a2, . . . , a2ν+δ) = λ(b1, b2, . . . , b2ν+δ)
for some λ ∈ Z×2n . Here Z
×
2n is the unit group modulo 2
n. Write [~a] = [a1, a2, . . . , a2ν+δ] for
the equivalence class of ~a = (a1, a2, . . . , a2ν+δ) modulo ∼, and let V
2ν+δ
∼ be the set of all such
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equivalent classes. Let G2ν+δ,∆ be the (2ν + δ)× (2ν + δ) matrix over Z2n given by
G2ν+δ,∆ =

0 Iν0
∆

 ,
where
∆ =


∅(disappear) if δ = 0,
(1) if δ = 1,(
z 1
0 z
)
if δ = 2,
and z is a fixed element of Z2n not in N = {x
2 + x : x ∈ Z2n}, or equivalently, z ∈ Z
×
2n
because N = 2Z2n and Z2n = Z
×
2n ∪ 2Z2n .
The orthogonal graph modulo 2n on V 2ν+δ∼ , denoted by O
(2ν+δ)
2n , is the graph whose vertex
set is V(O(2ν+δ)2n ) = {[~a] ∈ V
2ν+δ
∼ : ~aG2ν+δ,∆~a
t = 0} and its adjacency condition is given by
[~a] is adjacent to [~b] ⇐⇒ ~a(G2ν+δ,∆ +G
t
2ν+δ,∆)
~bt ∈ Z×2n .
To see that this adjacency condition is well defined, let ~a1,~a2,~b1,~b2 ∈ V
2ν+δ and assume that
[~a1] = [~a2] and [~b1] = [~b2]. Then ~a1 = λ~a2 and ~b1 = λ
′~b2 for some λ, λ
′ ∈ Z×2n . Thus, we have
~a1(G2ν+δ,∆ +G
t
2ν+δ,∆)
~bt1 ∈ Z
×
2n ⇔ λλ
′~a2(G2ν+δ,∆ +G
t
2ν+δ,∆)
~bt2 ∈ Z
×
2n
⇔ ~a2(G2ν+δ,∆ +G
t
2ν+δ,∆)
~bt2 ∈ Z
×
2n .
It is obvious that this orthogonal graph is a generalization of the orthogonal graph over Z2
defined similarly in [20].
We recall that Z2n is a finite local ring with the unique maximal ideal 2Z2n and the residue
Z2 = Z2n/2Z2n. Therefore, u+m is a unit in Z2n for all m ∈ 2Z2n and u ∈ Z
×
2n . Moreover,
|2Z2n | = 2
n−1. The following lemma is an important property of a vertex of O
(2ν+δ)
2n .
Lemma 2.1. If [a1, a2, . . . , a2ν+δ] is a vertex in O
(2ν+δ)
2n , then ai ∈ Z
×
2n for some i ∈
{1, 2, . . . , 2ν}.
Proof. The result is directed when δ = 0. If δ = 1 and a1, a2, . . . , a2ν ∈ 2Z2n , then
0 = a1aν+1 + a2aν+2 + · · ·+ aνa2ν + a
2
2ν+1
implies a2ν+1 is also an element in 2Z2n which is a contradiction. Now assume that δ = 2
and a1, a2, . . . , a2ν ∈ 2Z2n . Then
0 = a1aν+1 + a2aν+2 + · · ·+ aνa2ν + za
2
2ν+1 + a2ν+1a2ν+2 + za
2
2ν+2
implies za22ν+1 + a2ν+1a2ν+2 + za
2
2ν+2 ∈ 2Z2n and so z¯a¯
2
2ν+1 + a¯2ν+1a¯2ν+2 + z¯a¯
2
2ν+2 = 0 in the
residue field Z2. This forces that a¯2ν+1 = a¯2ν+2 = 0, which is impossible. 
Since Z2 is the residue field of Z2n , the matrix G2ν+δ,∆ over Z2n induces the matrix G2ν+δ,∆
over Z2 in an obvious manner via the canonical map π : Z2n → Z2. It follows that
~a(G2ν+δ,∆ +G
t
2ν+δ,∆)
~bt ∈ Z×2n ⇐⇒ π(~a)(G2ν+δ,∆ +G
t
2ν+δ,∆)π(
~b)t = 1
for all ~a,~b ∈ V 2ν+δ. Here, we write
π(~a) = (π(~a1), π(~a2), . . . , π(~a2ν+δ))
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for all ~a = (a1, a2, . . . ,~a2ν+δ) ∈ V
2ν+δ. In the following lemma, we show that the results on
counting all parameters of the orthogonal graph over Z2n can be considered as lifts from the
graphs over its residue field Z2.
Lemma 2.2. (Lifting Lemma) By the above setting, we have the following.
(1) If [~a] is a vertex of O(2ν+δ)2n , then there are 2
(n−1)(2ν+δ−2) many vertices which are lifts of
vertex [π(~a)] of O(2ν+δ)2 , i.e. |{[
~b] ∈ V(O(2ν+δ)2n ) : [π(~a)] = [π(
~b)]}| = 2(n−1)(2ν+δ−2).
(2) [~a] and [~b] are adjacent vertices in O
(2ν+δ)
2n if and only if [π(~a)] and [π(
~b)] are adjacent
vertices in O
(2ν+δ)
2 .
(3) If [π(~a)] and [π(~b)] are adjacent vertices in O
(2ν+δ)
2 , then [~a + ~m1] and [
~b + ~m2] are
adjacent vertices in the graph O
(2ν+δ)
2n for all ~m1, ~m2 ∈ (2Z2n)
2ν+δ such that
(~a + ~m1)G2ν+δ,∆(~a+ ~m1)
t = (~b+ ~m2)G2ν+δ,∆(~b+ ~m2)
t = 0.
Proof. It is clear that (2) follows from the above discussion and (3) is a consequence of (2).
Now, we note that for each vertex [~b] of O
(2ν+δ)
2n such that [π(~a)] = [π(
~b)], ~b must equal ~a+ ~m
for some ~m ∈ (2Z2n)
2ν+δ. So we assume that [~a+ ~m1] = [~a+ ~m2]. Then ~a+ ~m1 = λ(~a+ ~m2) for
some λ ∈ Z×2n . Thus, (1−λ)~a = λ~m2− ~m1 ∈ (2Z2n)
2ν+δ. This implies 1−λ ∈ 2Z2n by Lemma
2.1, so λ = 1+µ for some µ ∈ 2Z2n . Hence, ~a+ ~m1 = (1+µ)(~a+ ~m2). Next, we remark that
[(1+µ)(~a+ ~m)] = [~a+ ~m] for all µ ∈ 2Z2n , ~a ∈ (Z2n)
2ν+δ and ~m ∈ (2Z2n)
2ν+δ. Therefore, the
number of elements in the set {[~a+ ~m] : ~m ∈ (2Z2n)
2ν+δ} is 2(n−1)(2ν+δ−1). However, the ~a+ ~m
is also required that (~a + ~m)G2ν+δ,∆(~a + ~m)
t = 0. Write ~a = (a1, a2, . . . , a2ν+δ). By Lemma
2.1, aj is a unit for some j ∈ {1, 2, . . . , 2ν}. The requirement (~a + ~m)G2ν+δ,∆(~a + ~m)
t = 0
and aj is a unit allow us to count the number of possible vectors ~m and it is easy to see that
|{[~a + ~m] : ~m ∈ 2Z2ν+δ2n and (~a + ~m)G2ν+δ,∆(~a + ~m)
t = 0}| = 2(n−1)(2ν+δ−2). This completes
the proof of the lemma. 
A strongly regular graph with parameters (v, k, λ, µ) is a k-regular graph on v vertices such
that for every pair of adjacent vertices there are λ vertices adjacent to both, and for every
pair of non-adjacent vertices there are µ vertices adjacent to both. An k-regular graph G
on v vertices such that for every pair of adjacent vertices there are λ vertices adjacent to
both is called a quasi-strongly regular with parameters (v, k, λ, {c1, . . . , cd}) if every pair of
non-adjacent vertices of G has c1, c2, . . . , cd common adjacent vertices for some d ≥ 2.
From the work of Wan and Zhou (Theorem 2.4 of [20]), it follows that the orthogonal
graph O
(2ν+δ)
2 is 2
2ν+δ−2-regular on (2ν − 1)(2ν+δ−1 + 1) many vertices. Moreover, if ν = 1
, then it is a complete graph, and if ν ≥ 2, then the graph is a strongly regular graph with
parameters
λ = 22ν+δ−2 − 22ν+δ−3 − 2ν−1 + 2ν+δ−2 and µ = 22ν+δ−2 − 22ν+δ−3,
respectively.
In what follows, we classify our orthogonal graph and it turns out that the graph is quasi-
strongly regular when ν ≥ 2. In the proof of the next theorem, we use the lifting lemma
with some combinatorial arguments without solving any complicated equations.
Theorem 2.3. The graph O
(2ν+δ)
2n is 2
n(2ν+δ−2)-regular on
2(n−1)(2ν+δ−2)(2ν − 1)(2ν+δ−1 + 1)
many vertices. Moreover,
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(1) If ν = 1, then it is a strongly regular graph with parameters
λ = 2δn − 2δ(n−1) and µ = ⌈δ/2⌉2δn,
respectively.
(2) If ν ≥ 2, then it is a quasi-strongly regular graph with parameters
λ = 2n−1(2n(ν+
δ
2
−1) + (δ − 1)2(n−1)(ν+
δ
2
−1))2n(ν−2+
δ
2
),
c1 = 2
n−12n(2ν−3+δ) and c2 = 2
n(2ν−2+δ).
respectively.
Proof. We first note that every vertex of O(2ν+δ)2 can be viewed as a vertex of O
(2ν+δ)
2n via the
canonical map π. By Lemma 2.2 (1), each vertex of O
(2ν+δ)
2 can be lifted to 2
(n−1)(2ν+δ−2)
vertices in V(O
(2ν+δ)
2n ). Thus the number of vertices of O
(2ν+δ)
2n is
2(n−1)(2ν+δ−2)(2ν − 1)(2ν+δ−1 + 1).
Since the graph O
(2ν+δ)
2 is 2
2ν+δ−2-regular, Lemma 2.2 implies that the graph O
(2ν+δ)
2n is also
regular of degree 22ν+δ−22(n−1)(2ν+δ−2) = 2n(2ν+δ−2).
Next, we consider the case ν = 1. Since the graph O
(2+δ)
2 is complete, for each pair of
adjacent vertices in the graph O
(2+δ)
2n , there are
(2δ − 1)2(n−1)δ = 2δn − 2δ(n−1)
common neighbors by Lemma 2.2 (3). If δ = 0, then O22 is a path on two vertices and so
is O22n . Hence µ = 0. Now, suppose that δ 6= 0. Any two of non-adjacent vertices are
of the forms [~a + ~m1] and [~a + ~m2] for some [~a] ∈ V
2ν+δ
∼ and ~mi ∈ (2Z2n)
2ν+δ such that
(~a + ~mi)G2ν+δ,∆(~a + ~mi)
t = 0, i = 1, 2. Thus, for every pair of non-adjacent vertices, the
number of common neighbors equals the degree of regularity of O
(2+δ)
2n by Lemma 2.2 (3), so
we have µ = 2δn.
Finally, we assume that ν ≥ 2. For each pair of adjacent vertices [~a+ ~m1] and [~b+ ~m2] in
the graph O
(2+δ)
2n , the number of common neighbors is given by the product of the common
neighbors of vertices [π(~a)] and [π(~b)] and 2(n−1)(2ν+δ−2) by Lemma 2.2. Thus,
λ = (22ν+δ−2 − 22ν+δ−3 − 2ν−1 + 2ν+δ−2)2(n−1)(2ν+δ−2)
= 2n−1(2n(ν+
δ
2
−1) + (δ − 1)2(n−1)(ν+
δ
2
−1))2n(ν−2+
δ
2
).
Assume that [~a + ~m1] and [~b+ ~m2] are non-adjacent vertices in O
(2+δ)
2n . If π(~a) 6= π(~b), then
[π(~a)] and [π(~b)] are non-adjacent vertices in O
(2+δ)
2 , so the number of common neighbors of
[~a+ ~m1] and [~b+ ~m2] is the product of common neighbors of [π(~a)] and [π(~b)] and 2
(n−1)(2ν+δ−2)
which equals 2n−12n(2ν+δ−3) by Lemma 2.2. If π(~a) = π(~b), the number of common neighbors
is the degree of regularity of O
(2+δ)
2n by a similar reason to the last sentence of the previous
paragraph. 
A graph G is vertex transitive if its automorphism group acts transitively on the vertex set.
That is, for any two vertices of G, there is an automorphism carrying one to the other. An
arc in G is an ordered pair of adjacent vertices, and G is arc transitive if its automorphism
group acts transitively on its arcs.
Lemma 2.4. (See [20].) The orthogonal graph O
(2ν+δ)
2 is vertex transitive and arc transitive.
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For any set A, we denote the set of all permutations of A by Sym(|A|). For any vertex [~a]
of O
(2ν+δ)
2n , let
X~a := {[~a+ ~m] : ~m ∈ (2Z2n)
2ν+δ and (~a+ ~m)G2ν+δ,∆(~a+ ~m)
t = 0}.
This is the set of all vertex in O
(2ν+δ)
2n which are the lifts of the vertex [π(~a)] of O
(2ν+δ)
2 and∏
[π(~a)]∈V(O
(2ν+δ)
2 )
X~a = V(O
(2ν+δ)
2n ). It is easy to see that each permutation in Sym(|X~a|) can be
regard as an automorphism of our graph. Then we have:
Theorem 2.5. The orthogonal graph O
(2ν+δ)
2n is vertex transitive and arc transitive.
Proof. It suffices to show that O
(2ν+δ)
2n is arc transitive. Let [~a+ ~m1], [
~b+ ~m2], [~c+ ~m3], [~d+ ~m4]
be vertices of O
(2ν+δ)
2n such that
[~a + ~m1] is adjacent to [~c+ ~m3] and
[~b+ ~m2] is adjacent to [~d+ ~m4].
By applying four suitable permutations, we may assume that ~m1 = ~m2 = ~m3 = ~m4 = ~0.
Note that vertices [~a], [~b], [~c], [~d] in V(O
(2ν+δ)
2n ) correspond with [π(~a)], [π(
~b)], [π(~c)], [π(~d)] in
V(O
(2ν+δ)
2 ), respectively. By Lemma 2.4, the result follows directly. 
Next, we determine the automorphism group of the orthogonal graph O
(2ν+δ)
2n which is
another application of the lifting lemma.
Theorem 2.6. The automorphism group of the graph O(2ν+δ)2n is given by
Aut(O
(2ν+δ)
2n )
∼= Aut(O
(2ν+δ)
2 )× (Sym(2
(n−1)(2ν+δ−2)))(2
ν−1)(2ν+δ−1+1),
where Aut(O
(2ν+δ)
2 ) is determined in [20].
Proof. By Lemma 2.2, the graph O
(2ν+δ)
2 is isomorphic to a subgraph of O
(2ν+δ)
2n . Then each
automorphism of O
(2ν+δ)
2n corresponds with an automorphism of the graph O
(2ν+δ)
2 and a
permutation of vertices in the set X~a for all vertices [π(~a)] ∈ V(O
(2ν+δ)
2 ) . Thus,
Aut(O
(2ν+δ)
2n )
∼= Aut(O
(2ν+δ)
2 )×
∏
[π(~a)]∈V(O
(2ν+δ)
2 )
Sym(|X~a|)
= Aut(O
(2+δ)
2 )× (Sym(2
(n−1)(2ν+δ−2)))(2
ν−1)(2ν+δ−1+1)
because |X~a| = 2
(n−1)(2ν+δ−2) and |V(O
(2ν+δ)
2 )| = (2
ν − 1)(2ν+δ−1 + 1). 
Finally, we study chromatic number of orthogonal graph O
(2ν+δ)
2n , where ν ≥ 1 and δ = 0, 1
or 2 except when δ = 0 and ν is odd. The chromatic number is the smallest number of colors
needed to color the vertices of the graph so that no two adjacent vertices share the same
color. For convenience, we let S = {(ν, δ) ∈ N×{0, 1, 2} : (ν, δ) 6= (2k−1, 0) for all k ∈ N}.
Let (ν, δ) ∈ S. According to Wan and Zhou [20], the result of the graph O
(2ν+δ)
2 is
completely known and O
(2ν+1)
2 is isomorphic to the symplectic graph Sp
(2ν+1)
2 . From the
proof of Proposition 2.7 along with Proposition 2.9 in [20], and Proposition 2.3 in [19], it
follows that O
(2ν+δ)
2 is a (2
ν+δ−1 + 1)−partite graph. Moreover, the chromatic number of
O
(2ν+δ)
2 is 2
ν+δ−1 + 1. Now, by Lemma 2.2, we know that O
(2ν+δ)
2n is a (2
ν+δ−1 + 1)−partite
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graph as well. Then its chromatic number is at most 2ν+δ−1 + 1. On the other hand, we
consider the subgraph of O(2ν+δ)2n which is isomorphic to O
(2ν+δ)
2 . Clearly, its chromatic
number is 2ν+δ−1 + 1. Therefore, the chromatic number of O
(2ν+δ)
2n is exactly 2
ν+δ−1 + 1 and
we record in the following theorem.
Theorem 2.7. For (ν, δ) ∈ S, the chromatic number of the orthogonal graph O
(2ν+δ)
2n is
2ν+δ−1 + 1.
3. Subconstituents of graphs
In this section, two subconstituents of our orthogonal graphs are studied. This topic for
such subconstituents over a finite field of characteristic two, in particular over Z2, is presented
in [8]. We use the analog method of [18] together with our lifting lemma (Lemma 2.2) to
obtain the results for these subconstituents.
Let ~e1 denote the vector (1, 0, . . . , 0). From Theorem 2.3, we know that our orthogonal
graphs are either strongly regular or quasi-strongly regular. Thus, the distance d([~a], [~e1]) = 1
or 2 if [~a] 6= [~e1]. We work on the subconstituents O
(2ν+δ)
2n (i), i = 1, 2, which are defined to be
the induced subgraphs of O
(2ν+δ)
2n on the vertex sets
Vi := {[~a] ∈ V(O
(2ν+δ)
2n ) : d([~a], [~e1]) = i}
i = 1, 2, respectively. Due to the definition, V1 consists of all adjacent vertices of [~e1] while
V2 consists of all non-adjacent vertices of [~e1]. We observe that it is possible to define another
subconstituents associated with other vertices. However, our graph O
(2ν+δ)
2n is vertex and arc
transitive by Theorem 2.5. Therefore, it suffices to consider only the ones associated with
[~e1].
Lemma 3.1. For i = 1, 2, we have the following statements.
(1) If [~a] is a vertex of O
(2ν+δ)
2n (i), then there are 2
(n−1)(2ν+δ−2) many vertices in Vi which are
lifts of vertex [π(~a)] of O
(2ν+δ)
2 (i).
(2) [~a] and [~b] are adjacent vertices in O
(2ν+δ)
2n (i) if and only if [π(~a)] and [π(
~b)] are adjacent
vertices in O
(2ν+δ)
2 (i).
(3) If [π(~a)] and [π(~b)] are adjacent vertices in O(2ν+δ)2 (i) , then [~a + ~m1] and [
~b + ~m2] are
adjacent vertices in the graph O(2ν+δ)2n (i) for all ~m1, ~m2 ∈ (2Z2n)
2ν+δ such that
(~a + ~m1)G2ν+δ,∆(~a+ ~m1)
t = (~b+ ~m2)G2ν+δ,∆(~b+ ~m2)
t = 0.
Proof. The proof is analogous to the proof of Lemma 2.2 since [~a] is adjacent to [~e1] if and
only if [π(~a)] is adjacent to [π(~e1)]. 
The results of O(2ν+δ)2 (i), i = 1, 2 are known and presented in Theorem 3.9 and Theorem
4.3 of [8] when δ = 0 or 2. Since the graph O(2ν+1)2 is isomorphic to the symplectic graph
Sp
(2ν+1)
2 [20], its subconstituents have been studied in [10]. Applying these two results
together with the above lemma lead us to the following two theorems for subconstituents
O
(2ν+δ)
2n (i), i = 1, 2. Their proofs use similar argument to Theorem 2.3’s.
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Theorem 3.2. If δ = 0 or 2, then the subconstituent O
(2ν+δ)
2n (1) is a quasi-strongly regular
graph with parameters (2n(2ν+δ−2), k, λ, {c1, c2}) where
c1 = k = 2
(n−1)(2ν+δ−2)(22ν+δ−3 − (−1)
δ
22
2ν+δ
2
−1 − (−1)
δ
2
−12
2ν+δ
2
−2),
λ = 2(n−1)(2ν+δ−2)(22ν+δ−4 − 2(−1)
δ
22
2ν+δ
2
−1 + 3(−1)
δ
22
2ν+δ
2
−2),
c2 = 2
(n−1)(2ν+δ−2)(22ν+δ−4 − (−1)
δ
22
2ν+δ
2
−1 − (−1)
δ
2
−12
2ν+δ
2
−2).
If δ = 1, then the subconstituent O
(2ν+1)
2n (1) is a 2
n(2ν−2)+1- regular graph with 2n(2ν−1) many
vertices where any two adjacent vertices have 0 or 2n(2ν−2)−1 common neighbors and any two
non-adjacent vertices have 2n(2ν−2)−1 or 2n(2ν−2)+1 common neighbors.
Theorem 3.3. If δ = 0 or 2, then the subconstituent O
(2·2+δ)
2n (2) is a strongly regular with
parameters (v, k, λ, µ) where
v = 2(n−1)(2+δ)(22+δ + (−1)
δ
22
δ
2
+2 + (−1)
δ
2
−12
δ
2
+1 − 2),
µ = k = 2n(2+δ)−1,
λ = 2(n−1)(2+δ)(21+δ − 2δ − (−1)
δ
22
δ
2
+1 + (−1)
δ
22
δ
2 ).
Moreover, for ν ≥ 3, the subconstituent O
(2ν+δ)
2n (2) is a quasi-strongly regular with parameters
(v, k, λ, {c1, c2}) where
v = 2(n−1)(2ν+δ−2)(22ν+δ−2 + (−1)
δ
22
2ν+δ
2 + (−1)
δ
2
−12
2ν+δ
2
−1 − 2),
c1 = k = 2
n(2ν+δ−2)−1,
λ = 2(n−1)(2ν+δ−2)(22ν+δ−4 − (−1)
δ
22
2ν+δ
2
−1 + (−1)
δ
22
2ν+δ
2
−2),
c2 = 2
n(2ν+δ−2)−2.
If δ = 1, then the subconstituent O
(2ν+1)
2n (2) is a strongly regular with parameters
(6 · 2(n−1)(2ν−1), 4 · 2(n−1)(2ν−1), 2 · 2(n−1)(2ν−1), 4 · 2(n−1)(2ν−1)).
Moreover, for ν ≥ 3, the subconstituent O
(2ν+1)
2n (1) is a 2
n(2ν−1)−1- regular graph with 2(n−1)(2ν−1)
(22ν−1−2) many vertices where any two adjacent vertices have 2n(2ν−1)−2 common neighbors
and any two non-adjacent vertices have 2n(2ν−1)−2 or 2n(2ν−1)−1 common neighbors.
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